Abstract. Reinhold Baer asked the relationship between certain properties in a nonempty set with a partial operation (called an "add" by Baer [1]). The first paper in our sequence [Paper I] answered his question for a special type of an add called a pregroup by Stallings [12]. This paper [Paper II] answers an analogous question for a wider class of adds.
Introduction
Let be a nonempty set with a partial operation, called an "add" by Baer [1] . Formally, a partial operation on is a mapping : → where ⊆ × . If ( , ) belongs to , we denote ( , ) by and say that is defined or exists. [Baer [1] denoted ( , ) by + .] We also say that a sequence = [ 1 , 2 , . . . , ] is defined if each pair 1 2 , 2 3 , . . . , −1 is defined. By a triple in , we mean a subsequence [ , +1 , +2 ]. The universal group ( ) of an add is the group with presentation: ( ) = gp( ; operation ) That is, is the set of generators, and the defining relations are of the form = where ( , ) = . is said to be group-embeddable or simply embeddable if can be embedded in its universal group ( ).
Next follows classical examples of embeddable adds.
Example 1.1. Let and be groups with isomorphic subgroups or, equivalently, which intersect in a subgroup . Then the amalgam = ∪ is an add which is embeddable in ( ) = * , the free product of and with amalgamated. Let be a set of axioms for an add . We will let -pree denote a pree which also satisfies the axioms . Thus a pregroup is a T1-pree.
[We note that in Paper I [10] , the term pree was used synonymously for an add, and hence a pree did not include axioms certain instances it is possible to deduce properties (b), (c) from (a); but whether or not this is true in general, the author does not know."
The content of the following, given in four parts, appears in Paper I [10] ; the first two parts answer Baer's question.
Theorem T1. In a pree , axiom T1 is equivalent to each of the following axioms:
(
Here we generalize Theorem T1 using the axiom [T2] instead of [T1].
Theorem T2. In a pree , axiom [T2] is equivalent to each of the following axioms:
( Accordingly, Theorem T2 is proved.
Proof of Theorem T2
) 3 , 4 5 , 3 ( 4 5 ) are defined. Let 1 = −1 1 , 2 = 1 2 , 3 = 3 , 4 = 4 5 , 5 = −1 5 . Then the hypothesis of [T2] holds, that is, [ 1 , 2 , 3 , 4 , 5 ] is defined. By [T2], one of the following is defined: 1 2 3 = 2 3 , 2 3 4 = ( 1 2 ) 3 ( 4 5 ), or 3 4 5 = 3 4 . This is the conclusion
Previous Results

Many authors have generalized the Stallings pregroup [T1-pree] by giving a weaker set of axioms than [P5]=[T1]
which also guarantees that a pree is embeddable in ( ). First we restate these axioms, which also appear in Paper I, and then we restate the relevant Theorem B which also appears in Paper I. [ (Lipschutz 1994 , [9] ); (6) KL-pree = S 4 S 5 -pree (Gilman 1998, [2] , and Hoare 1998, [5]).
We note that Gilman and Hoare proved (6) independently. In fact, Gilman [2] proved (6) 
Generalizations
One of the purposes in this paper is to generalize Theorem T2. We 
(2) 5 6 , ( 5 6 ) 7 , 8 9 , 7 ( 8 9 ). Then one of the following is defined:
, or 7 8 , (Note that (2), in both cases, can be obtained from (1) by adding 4 to each subscript.)
Proof of Theorem T6(1). (1) Proof that [T6] implies [B6-1]. Assume [T6]
holds. Suppose the hypothesis of [B6-1] holds, that is, the following are defined:
, one of the following is defined: 1 2 3 = 1 2 , 2 3 4 = ( 2 3 ) 4 , 3 4 5 = 4 5 , 4 5 6 = ( 3 4 ) 5 ( 6 7 ), 5 6 7 = 5 6 , 6 7 8 = ( 6 7 ) 8 , or 7 8 9 = 8 9 . This is the conclusion of 9 . By [B6-1], one of the following is defined: 1 2 = 1 2 3 , ( 2 3 ) 4 = 2 3 4 , 4 5 = 3 4 5 , ( 3 4 ) 5 ( 6 7 ) = 4 5 6 , 5 6 = 5 6 7 , ( 6 7 ) 8 = 6 7 8 , or 8 9 = 7 8 9 . This is the conclusion of [T2].
By (1) and (2), Theorem T6 (1) is proved.
Proof of Theorem T6 (2) . ( (2) is proved. Accordingly, Theorem T6 is proved.
Questions
We have shown that the proof of Theorem T6 is very similar to the proof of Theorem T2. Likely, one can prove an analogous Theorem Tm where m≡2 (mod 4). The following transitive order relation on a pregroup is due to Stallings (see [11] ). Let ( ) = { ∈ ; is defined.}. Put if ( ) ⊆ ( ), and put < if ( ) ⊆ ( ) and ( ) ̸ = ( ). The following theorem is due to Hoare [5] and Rimlinger [11] . We note that the following axioms are a direct generalization of axioms B1-3 and B1-4. [B2-3] If , ( ) , (( ) ) , ((( ) ) ) are defined, then , , or is defined. [B2-4] If , ( ), ( ( )), ( ( ( ))) are defined, then , , or is defined. 
